On the Structure of the $N=4$ Supersymmetric Quantum Mechanics in $D=2$
  and $D=3$ by Berezovoj, V. & Pashnev, A.
ar
X
iv
:h
ep
-th
/9
50
60
94
v1
  1
4 
Ju
n 
19
95
JINR E2-95-250
On the structure of the N = 4 Supersymmetric
Quantum Mechanics in D = 2 and D = 3
V. Berezovoj∗
Institute of Physics and Technology
310108, Kharkov, Ukraine
and
A. Pashnev†
JINR–Laboratory of Theoretical Physics
Dubna, Head Post Office, P.O.Box 79, 101 000 Moscow, Russia
Abstract
The superfield formulation of two - dimensional N = 4 Extended Supersymmetric Quan-
tum Mechanics (SQM) is described. It is shown that corresponding classical Lagrangian
describes the motion in the conformally flat metric with additional potential term. The
Bose and Fermi sectors of two- and three-dimensional N = 4 SQM are analyzed. The
structure of the quantum Hamiltonians is such, that the usual Shro¨dinger equation in
the flat space arises after some unitary transformation, demonstrating the effect of trans-
mutation of the coupling constant and the energy of the initial model in some special
cases.
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1 Introduction
The simplest way to construct the classical Lagrangian of the SQM in D dimensions is
to consider superfields Φi(τ, ηa), i = 1, 2, ...D in the superspace τ, ηa a = 1, 2, ...N with
one bosonic and N grassmann coordinates. The first component of the superfields are
the usual bosonic coordinates X i , the next ones ψia are grassmann coordinates. So, the
classical Lagrangian of the Supersymmetric Quantum Mechanics (SQM) describes the
evolution of bosonic and additional grassmann degrees of freedom, which after quantiza-
tion become generators of the Clifford algebra. This fact naturally leads to the matrix
realization of the Hamiltonian and Supercharges of SQM [1].
The dimensionality of such realization depends on the number of grassmann variables
and in the case of scalar superfields Φi it is 2[
DN
2
]. So, it rapidly growths for extended
supersymmetry and, for example, takes the value d = 64 for D = 3, N = 4 case.
The way out of this difficulty is to use more complicated representations of extended
supersymmetry [2] - [6]. The main idea The simplest of them is the chiral superfield,
which contains one complex bosonic and N
2
complex grassmann fields. The Lagrangian
for such superfield naturally describes the two - dimensional SQM. The main idea of the
reduction of the number of grassmann degrees of freedom for other values of D is to use
superfields Φi which transform nontrivially under the isomorphism algebra of the extended
supersymmetry algebra
{Qa, Qb} = iδab ∂
∂τ
. (1.1)
If N = 4 the isomorphism algebra is SO(4) = SO(3) × SO(3) and index i can de-
scribe three-dimensional vector representation of one of the SO(3) algebras which plays
simultaneously the role of space rotations algebra. The dimensionality of the matrix
representation is d = 4. The Hamiltonian and Supercharges for such description of three-
dimensional N = 4 SQM were obtained in [6]. In the present paper we describe the
two-dimensional N = 4 SQM with the help of the chiral superfield. Along with two dy-
namic bosonic coordinates such superfield contains four dynamic grassmann coordinates
and dimensionality of the matrix representation for Hamiltonian and Supercharges is four
again.
In the third and forth sections we analyze Bose and Fermi sectors of the two-dimensio-
nal and three-dimensional SQM in such minimal superfield approach. Despite of the
complicated structure of the gravitation-like interaction with additional nontrivial poten-
tial energy, the resulting stationary equations after some unitary transformation become
the usual stationary Shro¨dinger equations, demonstrating the coupling constant - energy
transmutation in some cases.
2 Two - dimensional SQM
In this section we construct the two - dimensional N = 4 SQM in the frames of the
superfield approach. The N = 4 supersymmetry algebra can be written in terms of two
complex supercharges Qa, a = 1, 2 and hamiltonian H
{Qa, Qb} = δbaH, [H,Qa] = [H,Qa] = 0, Qa = Q⋆a. (2.1)
1
Its automorphism group is SO(4) = SU(2)×SU(2) and Qa transforms as a spinor of one
of the SU(2) groups.
The chiral superfield 1
Φ(τ, θ, θ) = Z(τ) + θaχa(τ) +
i
2
θθZ˙(τ) + θθF (τ)− i
4
θθθaχ˙
a − 1
16
θθθθZ¨(τ) (2.2)
in the superspace with one bosonic coordinate τ and two complex fermionic coordinates
θa behaves as a scalar under the supersymmetry transformations
δθa = ǫa, δθa = ǫa, δτ =
i
2
(ǫaθa + ǫaθ
a) (2.3)
and satisfies the chirality conditions D
a
Φ = 0, where
D
a
=
∂
∂θa
− i
2
θa
∂
∂τ
(2.4)
are the supersymmetric covariant derivatives.
The most general action for the superfield Φ
S =
1
2
∫
dτd2θd2θV (Φ,Φ) +
∫
dτd2θR(Φ) +
∫
dτd2θR(Φ). (2.5)
contains one real function V (Φ,Φ) and one chiral function R(Φ). After the integration
over θ and θ we find the component Lagrangian, in which fields F and F are auxiliary
and they can be dropped with the help of their equations of motion.
Finally, the component Lagrangian takes form:
L =
1
2
Wz˙z˙ + i(ψaψ˙a)−
i
W
(z˙
∂W
∂z
− z˙ ∂W
∂z
)ψψ − ∂
∂z
(
U
W
)
ψψ − ∂
∂z
(
U
W
)
ψψ +
+
2
W 2
(
∂2W
∂z∂z
− 1
W
∂W
∂z
∂W
∂z
)ψψψψ − UU
2W
, (2.6)
where we have introduced
W (z, z) =
∂2V (z, z)
∂z∂z
, U(z) =
∂R(z)
∂z
, ψ =
√
W
2
χ. (2.7)
The quantization procedure takes into account the dependence of the Lagrangian on
the conformally flat metric gikz˙
iz˙k = W (z, z)z˙z˙ [6] and leads to the following quantum
Hamiltonian and Supercharges:
Hˆ =
2
W
PP + 2i
W 2
(
∂W
∂z
P − ∂W
∂z
P)(1
2
− ψψ) + (2.8)
4
W 2
(
3
2W
∂W
∂z
∂W
∂z
− ∂
2W
∂z∂z
)(
1
2
− ψψ)2 + ∂
∂z
(
U
W
)
ψψ +
∂
∂z
(
U
W
)
ψψ +
UU
2W
,
Qˆa = (πψa + i
U
2
ψ
a
)
2√
W
, (2.9)
Qˆa =
2√
W
(ψaπ + i
U
2
ψa), (2.10)
1Our conventions for spinors are as follows: θa ≡ (θa)⋆, θa ≡ θbεba, θa = εabθb, θa ≡ εabθb, θa =
θ
b
εba, θ
a
= −(θa)⋆, (θθ) ≡ θaθa = −2θ1θ2, (θθ) ≡ θaθa = (θθ)⋆.
2
where
π = P + i
W
∂W
∂z
(ψψ − 3
2
), π = P − i
W
∂W
∂z
(ψψ − 1
2
), (2.11)
and P = −i ∂
∂z
, P = −i ∂
∂z
. Grassmann variables ψb and ψ
a satisfy the following commu-
tation relations
{ψa, ψb} =
1
2
δab , a, b = 1, 2 . (2.12)
and can be considered as a creation and annihilation operators. The general quantum
state can be written as the vector in the corresponding Fock space
|Φ(z, z)〉 = φ1(z, z)|0〉+ χa(z, z)ψa|0〉+ φ2(z, z)ψaψa|0〉, (2.13)
where |0〉 is the vacuum of the Fock space: ψa|0〉 = 0. The Hamiltonian Hˆ is hermitian
and hermiticity properties of supercharges Qˆa = Qˆ+a are fulfilled with respect to the scalar
product
(Φ1,Φ2) =
∫
d2zW (z, z)〈Φ1(z, z)|Φ2(z, z)〉. (2.14)
The only case when the scalar product (3.17) coincides with the usual scalar product is
W (z, z) = const.
The normalizable solutions of the stationary Schro¨dinger equation
Hˆ|Φ〉 = E|Φ〉 (2.15)
describe the physical states. In Bose sector this equation is non diagonal and leads to two
connected equations for wavefunctions φA(z, z)
{ 2
W
PP + i
W 2
(
∂W
∂z
P − ∂W
∂z
P) + 1
W 2
(
3
2W
∂W
∂z
∂W
∂z
− ∂
2W
∂z∂z
) +
UU
2W
}φ1(z, z) +
∂
∂z
(
U
W
)
φ2(z, z) = Eφ1(z, z) (2.16)
{ 2
W
PP − i
W 2
(
∂W
∂z
P − ∂W
∂z
P) + 1
W 2
(
3
2W
∂W
∂z
∂W
∂z
− ∂
2W
∂z∂z
) +
UU
2W
}φ1(z, z) +
∂
∂z
(
U
W
)
φ2(z, z) = Eφ2(z, z) (2.17)
It means that true physical states in the case of nonvanishing chiral terms in the action
(2.5) are superpositions of the bosonic states with different fermionic number (0 and 2).
After the unitary transformation
Hˆ =W−1/2 ˆ˜HW 1/2, φA = W−1/2φ˜A (2.18)
the system (2.16)-(2.17) takes more simple form
{2P 1
W
P + UU
2W
}φ˜1(z, z) + ∂
∂z
(
U
W
)
φ˜2(z, z) = Eφ˜1(z, z) (2.19)
{2P 1
W
P + αα
8W
}φ˜2(z, z) + ∂
∂z
(
U
W
)
φ˜1(z, z) = Eφ˜2(z, z). (2.20)
3
There is no need to solve this system. The simplest way to find the solution of this system
is to find the solution of the system in the sector with fermionic number 1 and to apply
one of the supercharges Qa to it. As a consequence of the supersymmetry algebra (2.1)
it will be the solution in the bosonic sector.
In the Fermi sector the Hamiltonian Hˆ is diagonal and equations for the spinors
χa(z, z) are very simple:
2
W
(PP + UU
4
)χa(z, z) = Eχa(z, z). (2.21)
These equations are just the stationary zero energy Shro¨dinger equations
(2PP + U˜(z, z))χa(z, z) = 0 (2.22)
with the potential
U˜(z, z) =
U(z, z)U(z, z)
2
− EW (z, z). (2.23)
The whole potential U˜ is combined from two functions U(z) andW (z, z). Some particular
choices of this functions are interesting. The simplest of them W (z, z) = 1 leads to the
standard Shro¨dinger equation with the potential
U˜(z, z) =
U(z, z)U(z, z)
4
(2.24)
and the energy E. The opposite situation takes place when U(z) = α = const andW (z, z)
is arbitrary. The energy E in the corresponding Shro¨dinger equation
(2PP − EW (z, z))χa(z, z) = −1
2
ααχa(z, z) (2.25)
plays the role of the coupling constant. In turn, the coupling constant α , namely its
function E = −1
2
αα, plays the role of the energy. This situation demonstrates the effect
of coupling constant - energy transmutation. As we will see later, only this situation takes
place in three dimensions.
In the general situation of arbitrary U(z) and W (z, z) the energy E plays the role of
the coupling constant and the physical spectrum is determined by the existence of the
normalizable solutions of the equation (2.23) at the definite values En of the parameter
E.
3 Hamiltonian and supercharges in D = 3
The following expressions for Hamiltonian and supercharges for three - dimensional SQM
have been obtained in [6]:
Hˆ = −1
2
1
W (x)
∂2i −
1
4
∂iW (X)
W 2(x)
∂i +
1
2
α2
W (x)
− 3
8
∂2iW (x)
W 2(x)
+
15
32
(∂iW (x))
2
W 3(x)
+
4
+(ψaψ
a − 1
2
)2
(
∂2iW (X)
W 2(x)
− 3
2
(∂iW (x))
2
W 3(x)
)
+ (3.1)
+iǫiklψσiψ
∂kW (x)
W 2(x)
∂l − αψσiψ∂iW (x)
W 2(x)
,
Qˆa =
[
(σi)
b
a
(
pi − i(ψcψc −
1
2
)∂i lnW (x)
)
+ iαδba
]
ψb√
W (x)
, (3.2)
Qˆa =
ψ
b√
W (x)
[
(σi)
a
b
(
pi + i(ψcψ
c − 1
2
)∂i lnW (x)
)
− iαδba
]
, (3.3)
where i, k, l are three-dimensional vector indices and a, b = 1, 2 - spinor indices as in the
two - dimensional case. Again the operators ψb and ψ
a are creation and annihilation
operators and the general quantum state can be written as the x-depending vector in the
corresponding Fock space
|Φ(x)〉 = φ1(x)|0〉+ χa(x)ψa|0〉+ φ2(x)ψaψa|0〉, (3.4)
In 3 dimensions the Hamiltonian Hˆ and operators
pi = −i∂i − 3
4
i∂iW (x) (3.5)
are Hermitian and Qˆa = Qˆ+a with respect to the scalar product
(Φ1,Φ2) =
∫
d3xW 3/2(x)〈Φ1(x)|Φ2(x)〉, (3.6)
which contains the measure W 3/2 in contrast to 2 - dimensional case.
All of the operators (2.1)-(2.3) are completely determined in terms of the function
W (x) (connected with the superpotential V (x): W (x) = ∂i∂iV (x)) and one additional
parameter α, which also characterizes the parity violation. The sum of the angular mo-
mentum and spin operators
Jˆi = ǫiklxkpl + ψ
a(σi)
b
aψb (3.7)
is conserved operator, describing the total momentum of the system. The eigenvalues of
the operator (3.7) are integer for bosonic states with wavefunctions φA(x), A = 1, 2, and
half-integer for fermionic states with grassmann spinor wavefunctions χa(x).
The normalizable solutions of the stationary Schro¨dinger equation
Hˆ|Φ〉 = E|Φ〉 (3.8)
describe the physical states. In Bose sector this equation is diagonal and leads to two
identical equations
HˆBφ
A(x) = EφA(x) (3.9)
5
with2
HˆB = −1
2
g−
1
2 ∂ˆig
ij(x)g
1
2∂j +
α2
2W
− 1
16
R, (3.10)
where
gij(x) =W (x)δij (3.11)
is the metric tensor and
R = 2
(
∂i∂iW (x)
W 2(x)
− 3
4
(∂iW (x))
2
W 3(x)
)
(3.12)
- the scalar curvature of the corresponding three dimensional space. Note the equality of
the coefficient at R to that, calculated in [7]. In the Fermi sector the Hamiltonian Hˆ is
non diagonal and the equation for the spinor χa(x) is as follows:{
−1
2
g−
1
2 ∂ˆig
ij(x)g
1
2∂j +
α2
2W
− 3
8
(
∂i∂iW (x)
W 2(x)
− 5
4
(∂iW (x))
2
W 3(x)
)}
χa(x)−
(3.13)
−1
2
{
iǫikl
∂kW (x)
W 2(x)
∂l − α∂iW (x)
W 2(x)
}
(σi)
a
bχ
b(x) = χa(x).
The first of nondiagonal terms in this equation is proportional to the spin-orbit coupling
and the second one leads to the parity violation.
Both the bosonic and fermionic equations can be written in more simple form with
the help of transformation
Hˆ =W−
1
4 (x) ˆ˜HW
1
4 (x), φA(x) =W−
1
4 (x)φ˜A(x), χa(x) =W−
1
4 (x)χ˜a(x). (3.14)
The transformed equations are: {
−1
2
∂2i − EW (x)
}
φ˜A(x) = −1
2
α2φ˜A(x), (3.15){
−1
2
∂2i − EW (x) +
1
2
W
1
2∂2iW
− 1
2
}
χ˜a(x)− (3.16)
−1
2
{iǫikl∂klnW (x)∂l − α∂ilnW (x)} (σi)ab χ˜b(x) = −
1
2
α2χ˜a(x).
The bosonic ones are just the stationary Shro¨dinger equations with the potential U(x) =
−EW (x). The energy E plays the role of the coupling constant and the coupling constant
α , namely its function E = −1
2
α2, plays the role of the energy. It means, that the effect of
coupling constant - energy metamorphosis takes place in three-dimensional SQM as well.
In spite of the fact that the bosonic Schro¨dinger equation (3.15) is written in the flat
three dimensional space, the scalar product for wavefunctions φ˜A(x) contains the function
W (x):
(φA, φB) = δAB
∫
d3xW (x)φA∗(x)φB(x). (3.17)
This relation is the consequence of the relations (3.6)-(3.14).
2to avoid misunderstandings we denote the derivative which acts on everything to the right by means
of ∂ˆi
4 Example
As an illustration we consider in three dimensions the case W (x) = κ
r
, r =
√
x2i . The
scalar product is
(φ1, φ2) =
∫
d3x
κ
r
φ∗1(x)φ2(x). (4.1)
Taking the standard form for the wavefunction
φ(x) =
1
r
∑
l,m
unl(r)Ylm(θ, φ), (4.2)
we find the equation for unl(r):
u
′′
nl(r) +
{
2κE
r
− l(l + 1)
r2
− α2
}
unl(r) = 0. (4.3)
with normalization condition
(un′l′, unl) = κ
∫
dr
r
u∗n′l′(r)unl(r) = δn′nδl′l. (4.4)
The normalizable solutions of the equation (4.3) are
unl(r) = Cnl r
l e−αr1F1(l + 1− n, 2l + 2; 2αr) (4.5)
with constant Cnl. The energy spectrum is given by the following relation
Enl =
α
κ
(n+ l + 1) (4.6)
The solutions of the corresponding equation in the Fermi-sector for W (x) = κ
r{
−1
2
∂2i −
Eκ
r
+
3
8
1
r2
}
χ˜a(x)+ (4.7)
+
1
2r2
{iǫiklxk∂l − αxi} (σi)ab χ˜b(x) = −
1
2
α2χ˜a(x).
can be obtained from the solutions of bosonic equation with the help of supersymmetry
transformations. The energy spectrum of fermionic equation (4.7) is also given by the
formula (4.6).
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